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Abstract 

In this paper we present a discrete, non-perturbative formulation for type 
IIB string theory. Being a supersymmetric quiver matrix mechanics model 
in the framework of M(atrix) theory, it is a generalization of our previous 
proposal of compactification via orbifolding for deconstructed IIA strings. In 
the continuum limit, our matrix mechanics becomes a (2 + l)-dimensional 
Yang-Mills theory with 16 supercharges. At the discrete level, we are able to 
construct explicitly the solitonic states that correspond to membranes wrap- 
ping on the compactified torus in target space. These states have a manifestly 
5'L(2, 2^)-invariant spectrum with correct membrane tension, and give rise to 
an emergent flat dimension when the compactified torus shrinks to vanishing 
size. 
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1 Introduction 



In the string/M-theory duality web, both the IIA/M and IIB/M duahty conjectures 
involve the emergence of a new spatial dimension in a certain limit. M-theory, ac- 
cording to our current understanding, is the 11-dimensional dual of the strongly cou- 
pled 10-dimensional IIA string theory pp. Here a new dimension emerges, because 
the D-particles, carrying RR charges, can be viewed as the Kaluza-Klein momen- 
tum modes along a circle in the "hidden eleventh" dimension. The size of the circle 
depends on the IIA string coupling in such a way that when the string coupling 
tends to infinity, the size of the circle also becomes infinite. In other words, IIA 
string theory should be dual to M-theory compactified on a circle, and the hidden 
dimension opens up as a new flat dimension in the strong-coupling limit. 

For IIB/M duality, the story is obviously more complicated [21 El El- HB string 
theory is conjectured to be dual to M-theory compactified on a 2-torus. The IIB 
string coupling depends on the area of the 2-torus, in such a way that the weak 
coupled IIB string theory should be recovered when the area of the hidden 2-torus 
shrinks to zero. A great advantage of this scenario is that the mysterious SL{2, Z) 
duality in IIB string theory can be interpreted as the geometric, modular trans- 
formation of the hidden 2-torus. But wait, there is apparently a mismatch of di- 
mensionality here: with the compactified two dimensions diminished in M theory, it 
seems that only eight spatial dimensions remain, but IIB string theory lives in nine, 
not eight, dimensional space. The clever solution [2] to this puzzle is that in M the- 
ory there are topological soliton-like states, corresponding to wrapping a membrane 
around the compactified 2-torus. Because of the conjectured SL{2, Z) invariance, 
the energy of the wrapping membrane should only depend on its wrapping number 
w. With the torus shrinking to zero, a tower of the wrapping membrane states 
labeled by w gives rise to the momentum states in a new, fiat, emergent dimension. 

The picture looks perfect. But can we really formulate it in a mathematical for- 
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malism with above-mentioned ideas demonstrated explicitly? Certainly this needs 
a non-perturbative formulation of M-theory. Though a fully Lorentz invariant for- 
mulation of M-theory is not available yet, fortunately we have had a promising 
candidate (or conjecture), namely the BFSS M(atrix) Theory 0, in a particular 
kinematical limit, the infinite momentum frame (IMF), or in the discrete light-cone 
quantization (DLCQ) pj- It was shown that M(atrix) Theory compactified on an 
n-torus (for n < 3) is just an (ri-l- l)-dimensional supersymmetric Yang-Mills (SYM) 
theory fTj. Facilitated by this fact, the IIA/M duality was verified soon after BFSS 
conjecture. Namely M(atrix) Theory compactified on a circle was explicitly shown, 
via the so-called "9-11 flip", to give rise to a description of (second quantized) IIA 
strings pj. As to IIB/M duality, again the story was not so simple as IIA/M dual- 
ity. The statement that M(atrix) theory compactified on a 2-torus (with one side in 
the longitudinal direction) is dual to IIB string theory compactified on a circle was 
checked jH] for the action of D-string [113] and the energy of {p, g)-strings etc. An 
emergent dimension with full 0(8) invariance together with seven ordinary dimen- 
sions were argued to come about in the (2 -|- 1) -dimensional SYM that results from 
compactifying M(atrix) Theory on a transverse torus [TT| IT^ ITHj. These arguments 
invoked the conjectured SL{2, Z) duality of (3 + l)-dimensional SYM. However, 
the explicit construction of wrapping membrane states and a proof of the SL{2, Z) 
invariance of these states, which plays a pivotal role in the IIB/M duality, are still 
lacking. 

Here let us try to scrutinize the origin of the difficulty for constructing a wrapping 
membrane state in M(atrix) theory. First recall that in the usual membrane theory, 
a nonlinear sigma model with continuous world-volume, a membrane state wrapping 
on a compactified 2-torus is formulated by 



x\p,q) 



Ri{mp + nq) + (oscillator modes). 



i?2(sp -|- tq) + (oscillator modes) 



(1) 
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where p and q are two affine parameters of the membrane, two independent cycles 
on the compactified 2-torus have R2 as their sizes and xi, X2 their affine pa- 
rameters, m, ra, s, t four integers characterizing linearly how the membrane wraps 
on the torus. However, in M(atrix) Theory the target space coordinates are hfted 
to matrices, and the basis of the membrane world-volume functions, e*^ and e*'', 
are transcribed to noncommutative, (so-called) clock and shift matrices U and V 
of finite rank. Moreover, when the theory is compactified on a torus, the quotient 
conditions for compactification require the matrix coordinates of the target space to 
become covariant derivatives on the dual torus. Thus, the difficulty in constructing 
the matrix analog of the wrapping membrane states in Eq. lies in how to extract 
the affine parameters p, q from their finite matrix counterparts U and V , as well 
as to keep the linear relation containing the information of wrapping in Eq. (P). 
In a word, the problem is a mismatch between the linear coordinates of the target 
torus and the nonlinear coordinates of the membrane degrees of freedom. To our 
knowledge, no explicit construction to overcome this mismatch is known in the lit- 
erature. The main goal of this paper is to fill this gap, namely we want to develop 
a M(atrix) Theory description of JIB string theory, which makes IIB/M duality and 
SL{2, 2)-duality more accessible to analytic treatments. 

Our strategy to change the mismatch to be a match is to simply let both sides 
to be nonlinear; technically, we deconstruct the (2 + l)-dimensional SYM that re- 
sults from compactifying M(atrix) Theory on a torus and then, within the resulting 
framework of quiver matrix mechanics, to construct the matrix membrane wrap- 
ping states. In our previous paper [T3I, we have been able to deconstruct the Matrix 
String Theory for type IIA strings, which is a (1 -|- l)-dimensional SYM. Here we 
generalize this deconstruction to type IIB strings. The basic idea is to achieve 
compactification by orbifolding the M(atrix) Theory, like in Ref. ^3]. There, to 
compactify the theory on a circle, we took the orbifolding (or quotient) group to 
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be Ztv; but here to compactify the theory on a 2-torus we need to take a quotient 
with the group Zj<! ® Zj^ (or shortly Z^). This leads to a supersymmetric quiver 
matrix mechanics with a product gauge group and bi-fundamental matter. By as- 
signing non-zero vacuum expectation values (VEV) to bi-fundamental scalars, the 
quiver theory looks like a theory on a planar triangular lattice, whose continuum 
limit gives rise to the desired (2 + l)-dimensional SYM. From the point of view of 
D-particles in target space, this is nothing but "compactifying via orbifolding" , or 
"deconstruction of compactification" . (The use of the literary term and analytic 
technique of "deconstruction" in high-energy physics was advocated in [15 . Sim- 
ilar applications of the deconstruction method can also be found in jTH] [T7] [TH] 
JH] EDI EI] • ) It is in this approach we have been able to accomplish a down-to-earth 
construction of wrapping membrane states in M(atrix) Theory, a modest step to 
better understand IIB/M duality. 

In this paper we will carry out our deconstruction for the simplest case with 
a right triangular lattice, and concentrate on the construction of the membrane 
states. The general case with a slanted triangular lattice and a detailed study 
of SL{2,Z) duality are left to the subsequent paper(s). We organize this paper 
as follows. In Sec. El we will give a brief review of deconstruction of the Matrix 
String Theory, to stipulate our notations and demonstrate the idea to approximate 
a compactification by an orbifolding sequence (in the so-called theory space). Then 
in Sec. |21 extending this approach, we achieve the deconstruction of the (2 -|- 1)- 
dimensional SYM that describes IIB strings by means of orbifolding M(atrix) Theory 
by Z]^®Zj^^ resulting in a supersymmetric quiver matrix mechanics. Metric aspects 
of this de (construction) after assigning VEV's is explored in SecEJ then the desired 
SYM is shown to emerge in the continuum limit with ^ oo upon choosing 
the simplest (right) triangular lattice. Sec. El is devoted to the central issue of 
this paper, namely explicit construction of topologically non-trivial states in quiver 
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mechanics that in the continuum hmit give rise to the membranes wrapping on the 
compactified torus. The energy spectrum of these states is shown to depend only on 
the 5'L(2, 2)-invariant wrapping number w. This provides an exphcit verification 
of SL{2, Z) invariance, as well as the correct membrane tension in our discrete 
approach. Moreover, the spectrum of these states is such that it can be identified as 
the spectrum of momentum states in an emergent fiat transverse dimension when 
the size of the compactified torus shrinks to zero. Finally in Sec. El discussions and 
perspectives are presented. 

2 A Brief Review: Matrix String (De) Construction 

This preparative section serves two purposes: to establish our notations and to 
review briefiy the physical aspects of our previous (de) construction of the Matrix 
String Theory. 

2.1 Preliminaries and Notations 

By now it is well-known that at strong couplings of IIA string theory, a new spa- 
tial dimension emerges so that the 10-dimensional IIA theory is dual to an 11- 
dimensional theory, dubbed the name M-theory In accordance with the M(atrix) 
Theory conjecture j3] and as shown by Seiberg [22] and Sen |2S1; the same dynam- 
ics that governs low-energy D-particles in a ten-dimensional Minkowski space- 
time actually captures all the information of M-theory in the discrete light-cone 
quantization. If we label the spatial coordinates by y^, y^, . . . , y^, then the ba- 
sic idea of M(atrix) Theory is that, to incorporate open strings stretched between 
A^ D-particles, one has to lift the D-particle coordinates to N-hj-N matrices, 
(/ = 1, ■ ■ ■ 9), as the basic dynamical variables. 

Formally the Matrix Theory a la BFSS can be formulated as a dimensional 
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reduction oid = 9 + l, Af=l supersymmetric Yang-Mills theory: 

S = J d^'xi-^^TrFuNF^'' - ^^TrX'V'V^ Dm\} 

where the Majorana-Weyl spinor A, whose components will be labeled as A^'^^^^^*^ 
(sq = 1, 2, a = 0, 1, 2, 3), satisfy the spinor constraint equations A = — F^^A, A* = A. 
The dimensional reduction follows the procedure below: / d^^x —>■ J dtVg; := 
gyVg; then A' =: -X'/a', g^a'^ = g^a''/^ X^g^ -A^ and =: gl/''a"/^Y' 
where / = 1, . . . , 9. Note that in accordance with the IIA/M duality, the M-theory 
parameters are related to those of IIA string theory by i? = gjg, Ip = gl^^h, in which 
Ip is the eleven-dimensional Planck length and R the radius of the hidden M-circle; 
In our convention, a' = Time variable and M-circle radius can be rescaled in 
units of Planck length to become dimensionless: t = IpT, R = Rulp, respectively. 
After all these efforts, the BFSS action reads 

5 = /rfrTr{^[D.,rY + ^[r^F^]^-^A^[D.,A] + ^AV[l/,A]}, (2) 

in which eleven-dimensional Planck length is taken to be unity, D^- = d/dr — i[Y^, ■] 
is the covariant time derivative, and y° is the gauge connection in the temporal 
direction. A representation of the gamma matrices ■y^ in Eq. Q is listed below for 
later uses: 



7°: 


=1®1®1®1 


7^ 


= e(8)e(g)e®e. 


7^ 


= ri(g)l(g)e(g)e 


7^ 


= r3 (g) 1 (g) e (g) e. 


7^ 


= e(g)ri(8)l(g)e 


7^ 


= e (g) Ta (g) 1 (g) e. 


7^ 


= l(g)e(g)ri(g)e 


7^ 


= 1 (g) e (g) Ta (g) e. 




= l(g)l(g)l(g)ri 


7^ 


= 1 (g) 1 (g) 1 (g) rg. 



where e = iT2 and Ta (a = 1, 2, 3) are Pauli matrices. 
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In the following, the N-hy-N clock and shift matrices will be used frequently. 
We denote them hy Un = diag{ujN, ■ ■ ■ , ^^n), where un = e*^'^/^, and 






■ 


■ 


1 


1 


■ 


■ 
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■ 1 






Quite often we will just write U, V when the rank is understood. 
2.2 Compact ificat ion via Orbifolding 

In this subsection we give a brief review of our previous work [14J, to show how the 
Matrix Theory compactification on a circle was achieved via orbifolding and how 
the worldsheet/target-space duality emerges in a natural manner. 

Consider a group of K D-particles moving in a j orbifold background; the 
orbifolding is performed via equivalence relations ~ e*^'^/^z^, ~ e~^'^'^l^ ^ 
where = (y^ + iy'^)/^/2, z^ = {y^ + iy^)/y/2. The complex coordinates z^^ z^ can 
be parameterized in a polar coordinate form, z"^ = pie^^'^^'^^ \/2, z"^ = p2e^^'^~'^y 
the quotient conditions, in this parametrization, are simply ~ (y9 + 27r/A^. To 
consider K D-particles on the orbifold, we must lift the D-particle coordinate to 
KN-hy-KN matrices, for which we will use upper-cased letters Z^, Z^. To satisfy 
the orbifolding conditions these matrices are of the special form z"'Vn, where z"' 
[a = 1,2) are in the form of N x N block-diagonal matrix with each block being 
a K-hy-K matrix and the unities in Vat (see Eq. understood as Ik- Besides 
orbifolding, we push the D-particles away from the singularity by assigning nonzero 
VEV to z'^ and z"^. Note that the moduli of the D-particle coordinates, (z^) = ci/-\/2, 
(z^) = C2/V2, can be rotated to {z^') = c'jV^, c\ = ^/\ch^-^\c^ with {z'^') = 0, by 
an element of SU{2) acting on the C^. (The orbifolding results in a circular quiver 
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diagram with sites. The Z-fields hve on the hnks connecting neighboring sites, 
indicated by the presence of the block-matrix Vn-) So essentially only one modulus 
is needed to characterize the VEV. 

This modulus can be interpreted in two different pictures: 

I: 27rc[ = NL, (5) 
II: N/c[ = 27rS. (6) 

On the one hand, L is interpreted as the size of the circle on the orbifold in the target 
space, which is orthogonal to the radial direction and at the radius c[. Viewed from 
the target space, D-particles live around this circle, so it can be viewed as the 
compactified circle, or the M-circle for IIA theory. On the other hand, S in Eq. ^ 
can be viewed as the size of the circle that is dual to the target circle L. It is both 
amazing and amusing to see that with the fluctuations in and included, the 
orbifolded BFSS action can be equivalently written as an action on a one-dimensional 
lattice with lattice constant a = 2ttTi/N. Furthermore, in the limit oo, this 

quiver mechanics action approaches to the d = 1 + 1 SYM (on the dual circle S) with 
16 supercharges, known to describe the Matrix String theory, which was previously 
obtained by compactifying M(atrix) Theory on the circle L directly. (Note that the 
so-called "9-11 flip" , that was necessary to give an appropriate interpretation for the 
compactified Matrix Theory on L, is not necessary at all in the orbifolding context). 

Thus, what we have done is actually to (de) construct the (type IIA) string world- 
sheet via a circular quiver diagram, and the relations © and (jHI) between the geo- 
metric parameters is a clear demonstration of the worldsheet/target-space duality: 
Namely Eq. (jS)) is over target space orbifold, in which c'l prescribes the location of 
the M-circle; Eq. (jHI) is over worldsheet cycle, in which c[ is the inverse of the lattice 
constant. The dual relation between the two interpretations and the compactifica- 
tion scale is shown in Figure Q 

The methodology underlying the above deconstruction of IIA/M duality and the 
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Figure 1: Worldsheet/target-space duality in C'^ / Zn Orbifold 



relationship between the Matrix Theory, type II string theory and our quiver quan- 
tum mechanics are demonstrated in a commuting diagram (Figure |2I). In subsequent 
sections we will show that this diagram applies to the deconstruction of IIB strings 
as well. Additional complications from higher dimensions will emerge; and we will 
show how to deal with them in this and sequential paper. 
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Figure 2: Relation between Quiver Mechanics and Matrix Theory, Type II String 
Theory 
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3 Zn^Zn Orbifolded Matrix Theory 

Now we proceed to make and justify our proposal that the ® orbifolded 
M(atrix) Theory, being a supersymmetric quiver matrix mechanics, provides a promis- 
ing candidate for the nonperturbative formulation of IIB string theory. 

Consider the orbifold C'^ / Zn ® Zj<4, where the complex coordinates of are 
z"" — (y^""*"^ + iy^""'"^)/-\/2 for a = 1, 2, 3 and the quotient conditions for orbifolding 
are 

I: ~ e-^2"/^zS z" ~ e^2./iv^2^ ^3 ^ ^3. (7) 

II: z' ~ e-^2^/^^\ z" ~ z^ z' ~ (^^-'""z". (8) 

As did in the last section, we hft the D-particle coordinates to KN'^-hy-KN'^ 
matrix variables Z" = (y2a+2 ^ iY^'^+^)/^/2, {a = 1, 2, 3), and subject them to the 
following orbifolding conditions: 

UlZ"Ui = a;i^«-^«^Z°, UlZ^U2 = a;j^«-^««Z«, (9) 

in which M/j are rotational generators on /J-plane for vectors in nine-dimensional 
transverse space, and Ui := Ik ^ Un ^ '^N, U-2 '■= Ik ® '^n ® Un embed the action 
of rotations into the gauge group, U{KN'^), of M(atrix) Theory. 

Similarly introduce complexified fermionic coordinates for the Majorana-Weyl 
spinor A in M(atrix) Theory. For each real spinor index s = 1, 2 for A, introduce 
complex spinor index t — ± through 









1 












I) 


\ 












Therefore, (A*)''' = A *. In addition, 

TtriT = -r2, TV2T = -ra, TVaT = n. 
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After using this T to change the basis for the last three spinor indices for fermionic 
coordinates, the gamma matrices become 



7° 


=1®1®1®1 


y = 


-^2 


(g r3 (g r3 (g Ts 




-Ti (g) 1 (g) Ta 


§7-3 


7^ = 




(g 1 (g r3 (g r3, 




-r2 (g r2 (g 1 


§ 1"3 


7^ = 


r2 « 


Ti (g 1 (g r3, 




1 (g r3 (g T2 (5 


§7-3 


l' = 


-1 


g r3 (g Ti (g r3, 


7^ = 


-10 1®!^ 


§ r2 


l' = 


1 ® 


1 (g 1 (g Ti. 



The sixteen-component fermionic coordinate A is thus complexified, as an eight- 
component complex spinor. The orbifolding conditions for fermionic variables read 

UlXUi = o^"^'^-"«^A , U^XU2 = u^^^'^'^'X, (11) 
where cx/j = i[7'^,7^]/4 are the rotational generators for spinors: 

= ll®r3®l®l, 
= ^1 (g 1 ® r3 ® 1, 

= ^1 ® 1 ® 1 ® T-i. (12) 

Quantum numbers of each variable are summarized in Table H In this table, 
Jij = Mjj for vectors, Jjj = au for spinors, and remember that (A*0'*i'*2'*3)t = 

Schematically, the field contents of our orbifolded M(atrix) Theory is encoded 
by a quiver diagram in the form of a planar triangular lattice. Figure El illustrates 
six cells in the quiver diagram. Each variable is a KN^-hj-KN^ matrix, which can 
also be viewed as a K-hj-K matrix field living on the sites or links in the quiver 
diagram with A^^ sites. The matrix block form for the A^^-by-A^^ indices of these 
variables is dictated by the quiver diagram. From either Table ^ or Figure El we 
can read off that Y^'^'"^'^ and A'^"'*'^^, hence A''" , are defined on the sites, while 
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Table 1: Quantum Numbers of Variables in the BFSS Matrix Theory upon Orb- 
ifolding 





^45 


Jm 


Jm 


J45 — J&7 


Jib ~ Js9 


yO, 1,2,3 



















-1 








-1 


-1 







-1 





1 













-1 





1 




1/2 


1/2 


1/2 










1/2 


1/2 


-1/2 
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^S0 + - + 


1/2 


-1/2 


1/2 


1 







-1/2 


1/2 


1/2 


-1 


-1 



2-1,2,3 g^^^ other fermionic coordinates, as well as their hermitian conjugate, on the 
links In the following, we will often suppress the K-hj-K indices, while using 
a pair of integers (m, n), m,n = 1,2, ■ ■ ■ , N, to label the lattice sites in the quiver 
diagram. Note that for convenience the "background" in the diagram is drawn like 
a regular lattice, but remember that at this moment no notion of metric has been 
defined. 

The orbifolded action, as a quiver mechanical model, reads 



S = [ dTTr{-^[D^,Yf + -^[D^,Y"^]' 



p p p 

~'-X^[Dr, A] + A] + ^At7"[y„, A]} (13) 

where i,j run from 1 to 3, m, n from 4 to 9. Or equivalently in terms of the complex 
coordinates Z", 

1 rr^ ^Wn2 , Rll 



S = J dTTr{^^[D^,Yf + ^[Y\Y^r 
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O : sites 



ifermionic links 



ibosonic links 



Figure 3: Quiver diagram for the Matrix Theory on C / Z 



3 /-72 

N 



Rii 2 
+Rii[Y\Z'']\Y\Z''^] 



R 



Rii 



--At[D., A] + -fX^m, A] + ^At(74^", A] + 7I[^"^ A])} . (14) 
In this action, the trace Tr is taken on a KN^-hj-KN^ matrix, and % = (7^"^^ — 

i^2a+3y2, with 
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-e (g) r_ (g) 1 (g) Ts, 



72 = il (g) Ta (g) r_ (g) r3. 
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-a (g 1 (g 1 (gr_. 



(15) 



and r„ = (ri — zr2)/2. 

Recall that the number of surviving supersymmetries corresponds to the number 
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of fermionic variables on each site; so we have four supercharges corresponding to 
^so+++ Q^Yid with (so = 1,2). Relabel fermionic variables according their 

statuses in the quiver diagram, Aq = A''+++, = A*"++, A2 = A^'^^^, A3 = A'*++". 
Hence, the Yukawa interactions in the action (fT^ can be recast into a tri-linear 
form: 

Sbf = JdTV2RnTr{-A\e[Z\Ao]+iAl[Z\Ao]-tAl[Z\Ao] 

-[Z\A2]eA,~tA,[Z\As]+tA,[A2,Z'] + h.c.}. (16) 

As well-known in the literature on deconstruction, the allowed Yukawa interactions 
are such that a closed triangle (which may a degenerate one) is always formed by the 
two fermionic legs and one bosonic leg or site, due to the orbifolded gauge invariance. 

4 Constructing d = 2-\- 1 World- volume Theory 

Previously in M(atrix) Theory on a 2-torus, the compactified coordinates that solve 
the quotient conditions were expressed as covariant derivatives, resulting in a (2 + 1)- 
dimensional SYM on the dual torus with 16 supersymmetries. In this section, to 
provide a (de) construction of this d = 2 + 1 SYM, in the same spirit as advocated 
in Ref. fl] and in Sec. |2l we will assign non-vanishing VEV to the bosonic link 
variables in our quiver mechanical model with the action ()14|1 . and show that it will 
approach in the continuum limit (i.e., a large N limit) to the desired SYM. Though 
the outcome may be expected in advance (see for example [in]), to see how the 
limit is achieved with a generic triangular lattice and how it could be reduced to 
a rectangular lattice should be helpful for our later discussion for wrapping matrix 
membranes. 
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4.1 Moduli and Parametrization of Fluctuations 

To proceed, we first note that the orbifolding conditions Q require the bi-fundamental 
bosonic matrix variables be of a particular block form in the site indices: {Z"')mn.m'n' = 

Z''{m,n)(ya)mn,m'n', with 

{y2)mn,m'n' = (^^)m,m' ' 

mn,m'n' (^'^N^m.m' {VN)n,n', (17) 

and Vi := V2V^- Each z"'{ni,n) (a = 1,2,3) (for fixed (m, n)) is a K-hj-K matrix. 
(Since V2, V3 can be viewed as the generators of the discrete group Zi^®Zn, the orb- 
ifolded matrices are of the form of the so-called crossed product of Mat{K) with 2^ 
|21][2S], expressing the properly projected form of the matrices upon orbifolding.) 

In our approach, the key step after orbifolding is to assign nonzero VEV to each 
element z"'{m, n): 

z'' = {z"") + i^ 

with (z") = Ca/ v^, Ca complex numbers to be specified later. Later in this paper 
we will take the following moduli: 

ci = 0, C2 = NR2/2n, C3 = NR3/27r. (18) 

Accordingly, the fluctuations can be parameterized as 

Z^ = (02-^^2^2)/V2, 

Z^ = (03-^i?3^3)/V2. (19) 

We remark that all the new variables appearing in the parametrization are K-hj-K 
matrices and that the parametrization (|T9|l is intimately related with our choice (|T8|l 
for the moduli. 
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The above decomposition has an obvious physical interpretation: {z"") are the 
modulus part and 5" the fluctuations. For the modulus part, as in Eq. ® for 
our previous deconstruction of IIA string, we expect that the lattice constants are 
simply inversely proportional to the VEV of the bi-fundamental boson variable. 
Schematically a oc l/c2,3 such that aN ~ 1. Indeed we will see that the spatial 
geometry, after taking the continuum limit, emerges from three modulus parameters 
(2;") (a = 1,2,3); in other words, a world-volume metric will be constructed out of 
them. Our choice ()18p of moduli will greatly simplify the complexity that arises from 
our quiver diagram being a two dimensional triangular lattice. For the fluctuations, 
the parametrization in Eq. (jl9|) corresponds to the infinitesimal form of the polar- 
coordinate decomposition of z"". Note that the Yang-Mills fields come from the 
imaginary (or angular) part of the bi-fundamental fluctuations. 

Before proceeding to consider the continuum limit, we make the following re- 
marks on algebraic properties of the matrices Va- Let / be a diagonal matrix in the 
site indices: fmn,m'n' = f{m,n)6mm'Snn', then 

V^fVa = Saf, (20) 

where Sa is the shift operator by a unit along a-direction, i.e. 

Sif{m,n) = /(m-l,n-l), (21) 
S2f{m,n) = f{m+l,n), (22) 
S3f{m,n) = f{m,n + l). (23) 

Subsequently, one can easily derive the following relations for manipulations on a 
site function /: 

VafVl = S;'f, Va{Saf-f) = [f,Va], [/, = " [/, K] ^ (24) 
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4.2 World-volume Geometry from Deconstruction 

In the following two subsections, we will examine the bosonic part of the action, 

Sb = ldrTr{^J[Dr,Z^f-^{\[Z'^,Z'^'^f+\[Z'^,Z'^'r) 

+7^[Dr,rf - i?iiir,^Tr + ^[Y\Y^]'}. (25) 
ZKii 4 

With the parametrization proposed above, the quadratic part for becomes 
Sy = JdTTr{^^[D,,Yf-Rn\[Y\Z'^]\'} 

= J drTr{^jr + z[Y,,Y^]\' - Ruld.Y^'^-^^^^ 

where we have introduced the lattice partial derivative, 

daf ■■= NiSJ - f)/2n. (27) 

First we see the information of the metric on the would-be world-volume is 
contained in the term 

Recall that the target space index i runs from 1 to 3 and that the index a also from 
1 to 3. Note that di is not independent of ^23, because of the relation 



SyK = I drRnTr{^[Yf - ^^^^^^§^[9.rf }. (28) 



^1 = -s^^S3^d2 - s^^ds. 



Changing the unit for time r' := RuT and then suppressing the prime for r', Eq. (I28|) 
changes into 

SyK = J dT^Tr{g''[Yf - g''[d2Yf - g'^lS^d^Yf - g'\d2Y\ ^2^3^}}, (29) 
from which we can read off the contravariant metric on world- volume 



iV2 



,3 37r2(|^ip + |5-(z3)|2) svr^lz^ 
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and g = for the spatial index k = 2,3. In this way, we see how the world- volume 
naturally metric arises from our (de) construction. 

Now we are ready to take the continuum limit. First regularize the trace Tr to be 
J2{'2'n')'^tr / N"^ K,] with our choice ()18|) of the moduli, we take k = -R2-R3- To see how 
world-volume geometry comes out of this construction, we consider the continuum 
limit with oo, then Tr ^ J d^atr/ R2R3, where tr is the trace over K-hj-K 

matrices. Here we have taken the spatial world- volume coordinates cr^'^ to run from 
to 27r. Subsequently, the action in the continuum limit reads 

SyK = -JdrJ d'a^^tr{^g^^daY%Y^}, (31) 

in which the contravariant metric on (2 + l)-dimensional world- volume is 

{g'^P)=dzag{-l,Rl,Rl). (32) 

In fact, we have specified the behavior of fluctuations z"-, in the continuum limit 
N 00, as 0{1); namely the contribution from the fluctuations to the world- volume 
metric in Eq. (jHn|) smears or smoothes in the large- limit. As another fact, due to 
our choice ci = 0, world- volume metric ()3()|1 becomes diagonal, as shown in Eq. ()32j) . 
Accordingly, the factor k, taken to be R2R3, multiplied by the coordinate measure 
d'^a, is nothing but the invariant world volume measure, namely k, = ^—det^gais), 
where 

(gap) =dtag {-1,1/ Rll/Rl) (33) 
A further check shows that the area of the world- volume torus is 

Area of world-volume torus 
= J —det{gap) ■ coordinate area = ^ \ . (34) 

Now for the continuum limit of the full S'y, it is easy to show that 

Sy = j drd^a^^tri-g^^D^Y^DpY' + [0',, Y'f + [0„ Ff } (35) 
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where Da = 9a + i[Aa, .] and Aq = 

In this subsection we have constructed, from our quiver mechanics, the toroidal 
geometry on the spatial world-volume, as well as the standard gauge interactions 
of world-volume scalar fields. (Incidentally let us observe that besides the local 
world-volume geometry, the modular parameter that describes the shape of the 
compactified 2-torus in target space is also dictated by the moduli (z") that also fix 
the shape of the triangular unit cell in the quiver diagram. However, in this paper 
we will concentrate on our special choice ()18|) for the moduli, and leave the analysis 
of more general moduli to the sequential paper.) 

4.3 Yang-Mills Field Construction 

Now we consider the action of bi-fundamental fields; our goal here is to construct 
the desired SYM. 

Collecting the relevant terms in the action, we have 

Sz = J rfrTr{J-|[D.,Z^r-:|i(|[Z^Z"'t]p+|[Z^Z'^']p)}. (36) 

Write [Z-^'t, Z""] = V^,Pa'aVa, with P^'a = z^'h''-S-,h''S~^z'''^. Separating the VEV 
and fluctuations. 

Therefore, Pj,, = Pgg, . Moreover, [Z^ Z-^'] = g^.^KK., with Qg,g = z^S-'z^' - 
z"-' S~}z"-] thus 

9-1/2^ , I C-lza' 9-l/2„ _|_ C-^za 
^a'a - ^a' <~>a'Z {2-^)-^^ (^TTp^iV " ^ ' J' 

Hence Qa'a = —Qaa'- The action (jHUj) is recast into 

1 a' <a 

= ! dTTr{\Sg,\'-{WPl+Y.i\P'^'a? + \Qa'a?))] (37) 
•' ^ a a'<g 
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where, in the second hne, a rescahng of time is imphed, and Sao = ^nS^ ^daA^z^ /N — 
iz + [S-^AQ,i% Now we assign the VEV (fTHj). and calculate the following inter- 
mediate quantities: 



5'io 


= {-iDo(f)i 


- -Do0'i)/v2, 


(38) 


Sko 


= {RkFkQ — 


iDo(t>k)/V2, 


(39) 


Pn 






(40) 


Pkk 


= RkP'k4>k, 




(41) 


Plk 


= {RkP>k4'i 


- iRkDk(f)[ + [01, (pk] - 0fc])/2, 


(42) 


Qlk 


= {—RkP>k(i 


61 - iRkDk(f)[ - [01, 0fc] - i[0i, 0fc])/2, 


(43) 


P23 


= (i?2A03 


+ /?3^302 + [02, 03] - ^i?2i?3i"23)/2. 


(44) 


Q23 


= (i?2/^203 


- i?3^302 - [02, 03] - ^i?2i?3i"23)/2 


(45) 


and their squares 










= (l^o^ip- 


H^o0'in/2, 


(46) 


•S'fcoP 


= {Rl\Fko\^ 


+ |Do0fe|')/2, 


(47) 


\Pik\' 


= {\RkDk(pi 


- z[0'i,0fe]|' + |/?fc/^fc0; + z[0i,0fe]n/4. 


(48) 




= ilRkDkh 


+ ^[0;,0fc]p + |i?fcL'fc0; -z[0i,0fe]|2)/4. 


(49) 


IP |2 
K 23| 


= (|i?2^203 


+ i?3^302|' + |[02, 03] - 2i?2^3i^23n/4, 


(50) 


IQ23P 


= {\R2D2(p3 


- i?3/^302|' + |[02, 03] + ^^2i?3i"23r)/4. 


(51) 



Here the gauge field strength F^p is defined in the usual way. Subsequently, we have, 
in the continuum limit, 

Sz = J drd'a^H-lp-^F^, - ^g-f^D^4>'' D.^ + , r?}, (52) 

in which 0^ include 0i.2,3 and 0^ 

In summary, Eqs. (j35p and (|52j) leads to the complete continuum bosonic action: 

Sb = J drd'a^Ui-^F-^F^^ - ^g-'' D^^' D^^' + 1[$^ $Y} (53) 
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where include both 0*^ and F*. 

Eq. ()53p is the dimensional reduction from the bosonic part of either four- 
dimensional A/" = 4 SYM or ten-dimensional A/" = 1 SYM. Therefore, with appro- 
priate rescaling of world- volume fields, the action ()53|) possesses an 0(7) symmetry 
for fields Y^, (pa and (f)[. 

We remark that the first two terms in the continuum action ()53|1 contain one and 
the same world-volume metric. This can not be a mere coincidence; it is dictated 
by the stringent internal consistency of our deconstruction procedure. 

4.4 Fermion Construction 

The deduction of the continuum action for fermionic variables can be carried out in a 
similar way. We only emphasize that the phase of D-particle moduli can be absorbed 
int redefinition of fermionic variables in Eq. (fTH|) . Indeed after assigning non-zero 
VEV (or moving the D-particles collectively away from the orbifold singularity), the 
free fermionic action becomes 

"'"AJ^ „iC2(A^_]^ „ — Xfn n) + „(— i)c3(A^ — A„ „) 

~(Am+l,n ~ ^m,n-l)^^i^m,n ~^ '^^m,n^'^i'^m+l,n+l ~ Am,n+l) 
+^A^„C3(A^+1„+1 - A^^i „) + /i.e.} (54) 

where we have introduced \a by writing (Aa)mn,m'n' = (Aa)mn(K)mn,m'n' for a = 
0, 1, 2, 3, with Vq the unit matrix. With the choice ()18|) and k, = R2R3, the continuum 
limit reads 

Sff = [ dTd^a-^tr{\li~t)R2d2\o + \liR3d3\o 

XiiR2d2X3 + \iiR3d3\2 + h.c.}. (55) 



22 



Comparing with our definition of gamma matrices, ()10|) and p5|). we get 

SpF = [ dTd^a-^tr{\Ui^'R2d2 + 7'i?353)A}/2. (56) 

Tlie appearance of the seventh and ninth gamma matrices can be easily understood 
from the parametrization of the fluctuations in Eq. (fT^ . since the gauge fields arise 
from the fluctuations in the imaginary part of complex coordinates z"". 

The continuum limit of the complete action for fermionic variables is thus 

Sf = f drd'a-^tr{-'-X^[Dr, A] + '-X^j'R.ID^, X] + ^AV^sfl^s, A] 

+iAty[$^A]}. (57) 

Summarily, Eq. plus Eq. (j37j) constitute precisely the desired d = 2 + 1 SYM 
with sixteen supercharges. This outcome in the continuum limit verifies our idea that 
M(atrix) Theory compactification can be deconstructed in terms of orbifolding and 
quiver mechanics, so that we are on the right track to JIB /M duality. Moreover, the 
constructed world- volume geometry, in view of world- volume/target-space duality, 
provides the platform for the discussion in next section on the matrix membranes 
wrapping on the compactified 2-torus in target space. 



5 Wrapping Membranes and Their Spectrum 

In the above we have "(de) constructed" the M(atrix) Theory compactified on a 
2-torus, by starting from orbifolding and then assigning non-zero VEVs to bi- 
fundamental bosons. According to the IIB/M duality conjecture, M(atrix) Theory 
compactified on a 2-torus is dual to JIB string theory on a circle. In this section, 
we will show that the quiver mechanics resulting from our deconstruction procedure 
indeed possesses features that are characteristic to the IIB/M duality. More con- 
cretely, we will explicitly construct matrix states in our quiver mechanics, which in 
the continuum limit correspond to membranes wrapping over compactified a 2-torus 
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in the target space. And we will show a SL(2, Z) symmetry for these states and the 
emergence from these states of a new flat dimension when the compactified 2-torus 
shrinks to zero. As mentioned in Sec. Q these features are central for verifying the 
IIB/M duality conjecture. The existence of these states and their properties were 
discussed in the literature of M(atrix) Theory in the context of = 2 + 1 SYM, but 
to our knowledge the explicit matrix construction of these states is still absent in 
the literature. 

5.1 Classical Wrapping Membrane 

To motivate our construction, we recall that a closed string winding around a circle 
is described by a continuous map from the worldsheet circle to the target space 
circle, satisfying the periodic condition: xio + 27r) = xio^ + 2itwR, where w is the 
winding number. For a C'^/Zn orbifold, a winding string is a state in the twisted 
sector satisfying z{a + 2n) = e*^™/^2;(o"). 

In the same way, in the non-linear sigma model for a toroidal membrane wrapping 
on a compactified 2-torus, we have the boundary conditions 

Xi{p + 2TC,q) = xi{p,q) + 2TTmRi , Xi{p, q + 2n) = Xi{p, q) + 2TmRi, 
X2{p + 2TT,q) = X2{p,q) +2ttsR2 , X2(p, g + 27r) = X2(p, g) + 27rti?2 (58) 

where {p, q) (0 < p, g < 2tt) parameterize the membrane. The solutions to these con- 
ditions are given in Eq. (0). They contain four integers (m, n, s, t). One combination 
of them is SL{2, Z) invariant, i.e. the "winding /wrapping number. 

w = mt — ns. (59) 

(This is a slight modification of Schwarz's original construction j2] [21]; note that this 
combination appeared also in the context of noncommutative torus, see for example 
Eq. (4.2) in j2Zj)- The geometric significance of w is simply the ratio of the puUback 
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area of the membrane to the area of the target torus. In IIB/M duahty, w is related 
to the Kaluza-Klein momentum in the newly emergent dimension. 

For a membrane wrapping on the orbifold C^/Zf^, the twisted boundary condi- 
tions become 



z^p + 277, q) = e'^^'^/^z^p, q) , z'^{p, g + 27r) = d^'''''^ z^{p, g), 
z\p + 27r, q) = e^2-/^^=^(p, q) , z\p, q + 2^) = ^'"'^'1'' z\p, g), (60) 



z^{p + 27r, q) = e-'2'^('"+^)/^2^(p, q), z\p, q + 2n) = e'^^^'^+'^Z'' z\p, q). (61) 



Here the coefficients Ca(r) describe the center-of-mass degrees of freedom. Again, 
the solutions contain a quadruple, (m, n, s, t), of integers, giving rise to an SL{2, Z) 
invariant wrapping number w = mt — ns. 

Now let us consider a stretched membrane (j62j) . with the oscillator modes sup- 
pressed (by setting the corresponding factor to unity). The membrane stretching 
energy density is known to be proportional to {Y^ , Y^}{Y^ , Y'^}-, in terms of Poisson 
bracket with respect to the canonical symplectic structure on the membrane spatial 
world- volume. (See, e.g., Ref. [2H] for a latest review and also for a comprehensive 
list of references.) It is easy to show that with choosing ci = 0, C2,3 oc A^-R2,3, the 
Poisson bracket of z'^{p,q) and z^{p,q) is 



as well as 



Their solutions are of the form 



z\p,q;T) 
z^{p,q]T) 
z^{p,q;T) 



2-1/2^1 (r)e-^[('^+')^'+("+*)'?l/^ ■ (oscillator modes), 
2"^/^C2(r)e^("f+"'?)/^ ■ (oscillator modes), 
2-i/2c3(r)e'(*''+*«)/^ ■ (oscillator modes). 



(62) 



W^iP, ?), z'\p, q)} (X wi?2i?3. 



(63) 
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So the energy of this wrapping configuration is proportional to (wi?2-R3)^, having 
the correct dependence on w and on the area of the 2-torus in target space, because 
the choice of Ca corresponds to a regular target torus. 

We note that to show IIB/M duality in the context of M(atrix) Theory, we need 
a construction of wrapping membranes either in the setting of = 2 + 1 SYM or in 
that of our quiver mechanics. But the above construction ()62|1 is in neither, so it is 
not what we are looking for. However, we may view it as a sort of the classical and 
continuum limit of the wrapping matrix membrane we are looking for, pointing to 
the direction we should proceed. 

5.2 Wrapping Matrix Membranes 

Now we try to transplant the above continuum scenario into the notion of matrix 
membrane. It is well-known that for the finite matrix regularization of a membrane, 
whose topology is a torus, one needs to prompt the membrane coordinates into the 
clock and shift matrices, namely to substitute e*^ Uk and e*'^ Vk [28J, where 
K is the number of D-particles that constitute the membrane. The key property of 
Uk and Vk for this substitution to work is 

UkVI^ = (^A')""V^f/]?, (64) 

with arbitrary integers m, n, and ujk = e*^'^/'^. In the classical or continuum limit, 
it gives to the correct Poisson bracket between p and q. Eq. (j62|) motivates us to 
deal with the fractional powers of the clock and shift matrices. The guide line to 
formulate the arithmetics of the fractional powers is to generalize Eq. to be 
valid for fractional powers. Below we model a simplest substitution scheme 

e^p/N ^ Ukn^ u]l\ e^^/^ - Vkn^ =: V'J\ (65) 

which is enough at the current stage to enable us to explore the physics of IIB/M 
duality. In accordance with these substitutions, we introduce the following Ansatz 
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for the matrix configuration of a wrapping membrane: 

Zfmem) = 2''/' CsU^V ® V^. (66) 

with omitted subscripts U := Ukn^, V := V^n'^- 

These matrices are KN'^-hj-KN^, of the form of a direct product of three factors, 
with the rank KN^, N and respectively. In our quiver mechanics, the first factor 
describes K D-particles on the orbifold while the last two factors describe the 
deconstructed torus coordinates. The form of the last two factors in Ansatz fl66|) . say 
V2 in Z'^^^^Y is dictated by the orbifolding conditions. The form of the first factor, 
say U'^^V^ in ^(^^em) motivated by Eqs. (jHS))- In other words, the expression 
can be viewed as polar coordinate decomposition of Z'^^^^y in which 
C2 is interpreted as the distance of the membrane on the orbifold to the singularity, 
while the unitary matrix U"^V"' shows how the membrane constituents wrap in the 
angular direction of Z^. A similar interpretation holds for Z^^^^^ and Z^^^^y 

Though the above intuitive picture looks satisfactory, the real justification for 
the Ansatz ()66j) to describe wrapping membranes on a compactified 2-torus should 
come the detailed study of the physical properties of these states in accordance with 
M(atrix) Theory, which will be carried out in next a few subsections. 

5.3 Spectrum and SL{2,Z) Invariance 

From now on, we will suppress the subscript in Z^^^^y First let us verify that the 
equations of motion, that follow from the action (jl4p . 

+ ^{[Z\ [Z''\ Z"]] + [Z''\ [Z\ Z^]]) = 0. (67) 

can be satisfied by the Ansatz (jUBj) . Indeed, from the experience of the equation 
of motion for the spherical matrix membrane, to solve the time-dependence of the 
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scalar coefficients (ca here) is by far kind of involved [21] [SOI; for the toroidal case, 
however, this situation is simplified because the coefficient functions are complex. 
It is a straightforward calculation to show that the equations of motion (jHTjl are 
satisfied if we take Ca(r) = Caoe'^'^"'^ , with 

2ttw 



u;'„=Rl^{l-cosj^)J2\c,o\'. (6J 



Consistent with our previous choice ()18|1 for the moduli, hereafter we will just take 
Cio = 0, Cfco = A^-Rfc/2vr for {k = 2, 3). Accordingly, we have 

ivl = {{2n)-' NRnRsni- COS j^), (69) 
u;l = ((27r)-iiVi?ni?2)^(l-cos-^). (70) 

Moreover concerning the membrane dynamics, one can easily check an additional 
constraint equation 

[Z", Z"^] + [Z"^ Z"] = 0, (71) 

which plays the role of the gauge fixing of the membrane world-volume diffeomor- 
phism symmetry; see, e.g., ref. j28j . 

Next let us examine the energy of the wrapping membrane states fl66|) . By a 
direct calculation, we find that the potential (or stretching) energy density {before 
taking the trace Tr) is proportional to the unit matrix, 1^4: 

V = i^nE{l[^^^'1l' + IIZ^^Z']]'} = (iV/27r)^i?n(l -cos-^)(i?2i?3)'l;v4, 

a<b 

(72) 

implying a uniform stretching energy density on the membrane. We regularize 
the trace Tr to be {N'^y^ (2^)^ J2; therefore TtIkn^ = {2'KfK. Then the total 
stretching energy is 

■= TrV = (27r)-2iriV^i?n(l - cos -^){R^R^f. (73) 
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Including the kinetic energy due to the r-dependence of Ca, the total energy of the 
membrane is given by 



1 3 



Hmem = Tr{—J2\Z''\^ + V} 

^11 a=l 
1 3 

|CapTrl7v4 + Eu 



2^11 a=2 

= 2E^. (74) 

A characteristic feature of Eqs. (ffH|l and ()74j] is that though the states given 
by Ansatz ()66|) contain four integers {171,71; s,t), their energy only depends on the 
wrapping number w = mt — ns, which is known invariant under the SL{2, Z) trans- 
formations 




a b 
c d 



I 



\ 



m \ { ( CL b 

n / ' \ f I \ c d 



I 



\ 



(75) 



where a, 6, c, d are integers, satisfying ad — bc= 1. This result is one chief evidence 
to justify our matrix construction showing the SL{2, Z) symmetry of the spec- 
trum of the wrapping membranes directly and explicitly in a constructive manner; 
this SL{2, Z) in Eqs. ()75p is right the modular symmetry of the target torus, as well 
being interpreted as the S-duality in IIB string theory. 

5.4 Emergent Flat Dimension 

In last subsection, we have seen that the stretched energy in Eq. (ffH|) contains a 
factor (1 — cos{2ttw / KN"^)). Such factor is a common praxis in the lattice (gauge) 
field theory for the spectrum of the lattice Laplacian. In the large- limit, when w 
is small compared to A^^, one has (1 — cos{2'kw/ KN'^)) 2'k'^w'^ / K'^N'^ . Hence E^, 
recovers the w'^{R2RzY behavior of the Poisson bracket calculation for continuous 
membranes in previous subsection 5.1. (See Eq.(|Un|) and discussion below it). More 
precisely, we have 

E^=w^Rn{R2R3)V2K. (76) 
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Consequently, it is amusing to note that this stretched energy can be rewritten 
as the hght-cone energy due to a transverse momentum p^: 

2 

Ev. = Pn, = W- R2R3, (77) 

in which the hght-cone mass = K/Rnl This energy is of the form of the energy 
for an excitation with Kaluza-Klein momentum w on a transverse circle with the 
radius l/i?2-R3- (After recovering the Planck length, this radius is t^/R2Rz)- 

We assert that the spectrum of wrapping membranes is identical to that of exci- 
tations on a transverse circle. In fact, though there exists the apparent degeneration 
due to the states with the same wrapping number w for different combinations of 
(m, n, s, t), however, as noted by Schwarz [21], this degeneration can be easily elim- 
inated by considering F-D string spectrum and SL{2, Z) equivalence. Therefore, 
with wrapping membrane states viewed as momentum states, a new fiat dimension 
opens up when the compactified 2-torus, on which membranes wrap, shrinks to zero 
(i.e. -R2-R3 0). As mentioned in the introduction, this is exactly what the IIB/M 
duality requires for a M-theory formulation of IIB string theory. 

5.5 Membrane Tension 

To verify that the membrane has the correct tension, we note that the light cone 
energy in M theory for a stretched transverse membrane is given by 

Em == (78) 

in which = wTmem^T'^- Tjnem = l/(27r)^ is the membrane tension, with Planck 
length taken to be unity. At^ is the area of the compactified 2-torus in target 
space, which in our case is regular with sides 271R2 and 2'kR^] so ^4^2 = i?2-R3(27r)^. 
Therefore we have 

E^ = w^Rn{R2R3)V2K. (79) 
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So in the large- limit, we have the equality: 

Ew = Em- (80) 

This is a perfect and marvelous match! An equivalent statement is that our wrapping 
matrix membrane indeed has the correct tension as required by M-theory. 

An astute reader may have noticed that the energy ()74|) of our membrane con- 
figuration contains a kinetic part, which also equals Ew We are going to clarify its 
origin in the next section. 

5.6 Adding center-of-mass momentum 

To better understand the origin of the kinetic part in the energy ()74p . which is equal 
to the stretching energy Ey^, we try to add a generic center-of-mass momentum to 
the membrane states 

Let us first examine a closed string. A winding state on a compactified circle 
satisfies x^((j + 2tt, t) = Xw{a, r) + 27rw_R, with R the radius of the circle. The peri- 
odic boundary condition is a linear homogenous relation, therefore the momentum 
quantum number can be added as a zero-mode part Xq, which is hnear in r, such 
that Xw + xo still satisfies the same equation. 

Now we turn to the orbifold description at large A^ of the same fact, in which 
x/R becomes the angular part of a complex coordinate z and the radius of this circle 
is NR. At large A^ we can make the following substitution: 

z = NR + i{x^ + Xo) ^ NRe'"'^/^^ + ixo- (81) 

The equation of motion for the string on iheC/ Zn orbifold gives the solution x^/ R = 
w{(T — r), for w > 0, x^/R = w{a + r), for w < and xq = pr. Suppose w > for 
definiteness. One finds the energy density is given by 

h = |i|' + |^f 

= {p^ + {Rwf -2pRwco?.—{a-T)) + {Rwf. (82) 
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It is amusing to observe that in the large- hmit, h approaches to {p—Rwy + {Rwy. 
With p = 0, the kinetic energy is equal to the stretching energy! This feature is 
the same as we have encountered in Eq. dH}, indicating that this is a common 
phenomenon in approaching compactification via orbifolding. 

Giving a bit more details, we note that the orbifolding solution, in the large- 
limit, becomes z NR + i{p — Rw)t + iRwa. Accordingly, we should interpret the 
linear combination p — Rw as the momentum in the continuum limit, though naively 
one might have expected that p would be identified as the center-of-mass momentum. 
The same analysis can be applied to the continuous membrane wrapping on an 
orbifold: 

A similar analysis shows again that the momenta in the continuum limit are shifted 
by the wrapping number: Pa = ka — NRaUJa, for a = 2, 3. Thus with ka = 0, a 
membrane wrapping on a torus is not at rest! 

The states in Eqs. (jHH) and dHl can be generalized to matrix membranes, with 
center-of-mass momentum added: 

= 2-^/\tRiik2T/2'KK + C2{t)U"'V'')^V2, 

= 2~^/\iRuk3T/2iTK + C3{t)U'V')®V3 (84) 

where, for a regular torus in target space, we have set Z^ = 0. As in the previous 
section, we take = Caoe~"^"^ with Ua {a = 2,3) in Eq. (jU^ . In large-A^ limit, 
the matrix membrane configuration in Eq. ()84|) is expected to be equivalent to the 
continuous configuration in Eq. (jH!?|) up to a normalization. 

The kinetic energy density in the discrete setting, T := Rii\Za\'^, can be easily 
computed: 

^ = 2k^^^^' + - + h.c.)] ® 1^., (85) 
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in which the summation is over a = 2,3, m2 = m, n2 = n, = 3,7x3 = t. 
Adding the T in fjH3j) to the V in Eq. (f7^. we get the total energy density, which 
results in the total energy of a wrapping membrane configuration with momenta 
and wrapping: 

-^11 /7 27tK I |\2 7-1 / \ 

Ek2,k'j,;w = Tn7[K — uJa\Ca\) + E^. (86) 

ZJ\ itii 

We are glad, just for convenience, to rewrite 

= (v^7r)-iiVi?ni?3sin(7rw/fs:A^2), (87) 
= {V2Tx)-^NRiiR2sm{'Kw/KN'^), (88) 
\ca\ = NRJ271. (89) 

Accordingly, the genuine momentum is identified to be 

Pa = K- iV2n)-^KN^R2R3 sin {ttw/KN'^) ^ ka - R2R3W/V2. (90) 

In closed string theory, the quantization of momentum is a consequence of the 
single- valuedness of the translation operator e*^'^^"^" (no summation on a). In our 
present case, we can also impose the quantization condition at large A^; as a result 
Pa = la/ Ra whcrc la is an integer (or equivalently, one has ka = la / Ra + R2R3W / V2) . 
Note that the domain of (P25P3) is just the lattice dual to the target torus; therefore, 
the above equation is once more a manifestation of the covariance for Ek2,k3;w under 
the SL{2, Z) transformations over the target torus. 

In summary, our explicit construction of wrapping membrane states, the appear- 
ance of SL{2, Z) symmetry in their spectrum, and an emergent fiat dimension as 
well, all these combined together, constitute strong evidence for our quiver matrix 
mechanical model to be a non-perturbative formulation of IIB string theory, which 
naturally exhibits IIB/M duality. 
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6 Discussions and Perspectives 



Problems that remain for future study and some perspectives are collected in this 
section. Some of them are just slightly touched in this work. (As mentioned before, 
we will leave to a sequential paper the discussions on generic moduli for the VEV 
of Z"" [a = 1,2,3), which would allow both the SYM world-volume torus and the 
compactified target space torus non-regular, and would explicitly demonstrate the 
SL(2, Z) duality of our approach to IIB string theory.) 

1. There have been three different ideas to deal with IIB/M duality, i.e. M- 
theory on a 2-torus should be dual to IIB string theory on a circle: namely the 
wrapping membrane states, the vector-scalar duality in three dimensions and 
the magnetic charges of membranes, respectively (see for example ^2)- 

did not explore the latter two in the present work. In fact, a naive definition of 
magnetic charge such as Tr[Z'^,Z"'] for finite matrix configurations vanishes 
identically. 

2. For IIA/M duality, there is a complete dictionary of the correspondence be- 
tween the spectrum, as well as operators, between IIA DO brane and M-theory 
objects, in the Matrix String Theory a la DVV 8J. As for IIB/M duality a 
comprehensive dictionary for spectrum and operators between the two sides 
remains to be worked out. Moreover, in this work we recovered only part of 
the SL{2, 2)-invariant spectrum. A more detailed study to demonstrate the 
full SL{2, Z) symmetry is, in principle, possible in the present framework for 
IIB strings, and we leave it for future research. How to relate this approach 
to other nonperturbative IIB string theory, such as IIB matrix model or 
that based on the D-string action P' , is another interesting issue to address. 

3. A discrete approach, the string bit model, has been proposed to IIB string 
theory before |^2]- The difference between our quiver mechanics approach 
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and the string bit model is the latter discretizes the non-linear sigma model 
for string theory on sites of a lattice, while we deconstruct SYM with part 
of matter fields living on links. Recently the string bit model gained revived 
interests j^Hl in the context of the BMN correspondence On the other 

hand, BMN have devised a (massive) matrix model in PP-wave background. 
How to do orbifolding with this M(atrix) model remains a challenge. 

4. Probing spacetime with strings has revealed T-duality of spacetime; i.e. stringy 
dynamics gives rise to new features of spacetime geometry. In the same spirit, 
one expects that probing spacetime with membranes would expose new, sub- 
tle properties or structures in spacetime geometry too. Actually it has been 
suggested p!3j that M(atrix) Theory compactified on circle, on two- and three- 
torus are tightly related to each other. We leave the exploration in the frame- 
work of quiver mechanical deconstruction to the future. 

5. The appearance of non-unitary fields living on links is a generic phenomenon 
in discrete models. In addition to our previous work 35 , a few other authors 
also paid attention to the effects of non- unitary link fields [311 EH EHl- Here 
we would like to emphasize the significant role of non-unitary link fields in 
dynamics of geometry, which is worthwhile to explore in depth. 
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